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A new model of nonlinear electrodynamics named as “double-logarithmic” is introduced and
investigated. The theory carries one dimensionful parameter of the β as Born-Infeld electrodynamics.
It is shown that the dual symmetry and dilatation (scale) symmetry are broken in the proposed
model. The electric field of a point-like charge is derived for this model and it becomes non-singular
at the origin and by use of this electric field the static electric energy of a point like charge is
calculated. In the presence of an external magnetic field the theory shows the phenomenon known
as vacuum birefringence. The refraction index of two polarizations, parallel and perpendicular to
the external magnetic induction field are calculated. The canonical and symmetrical Belinfante
energy-momentum tensors are obtained. Using the causality and unitarity principles the regions
where the theory becomes causal and unitary are found.
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Keywords:
I. INTRODUCTION
It is known that there is a deep connection between non-linearity and strong fields. When a classical field become
enough strong it invalidates the predictions get by the linear theory. There are examples of classical fields in which the
relation between non-linear effects and strong fields has been applied. The very well known one is the Born-Infeld (BI)
electrodynamics [1, 2]. In order to solve the problem of singularity, namely infinite self-energy of a point-like charge,
which comes out in Maxwell’s electrodynamics, Born and Infeld introduced non-linearity to the classical electrody-
namics. BI electrodynamics solved this problem by introducing a dimensionful parameter which gives an upper bound
to the electric field of a point-like charge. Moreover, BI type Lagrangians are used to understand the phenomena
of meson multiple production in the strong field regime [3], and also the propagation of shock waves [4]. Further-
more, one-loop quantum corrections in quantum electrodynamics fixes the Lagrangian of classical electrodynamics by
non-linear terms [5–7]. It is also possible to get non-linear electrodynamical effects in strong gravity fields.
Besides the BI electrodynamics there are other type of non-linear electrodynamics models. Some of them are
known as logarithmic electrodynamics [8], exponential electrodynamics [9] and arcsin electrodynamics [10]. As well
as, different type of non-linear electrodynamics are considered in [11–15].
In this paper we introduce and analyze a new model of non-linear electrodynamics which has significant properties
like BI electrodynamics such as finite electric field and electric field energy of a point-like charge. In this model only
one dimensional parameter, β, is introduced.
The layout of the paper is as follows. In Sec. II, we introduce the model and show that the Maxwell’s electrodynamics
can be regained with β → 0 limit. Also, the equation of motion is calculated by use of which the Maxwell’s equations
are derived. Using the field equations it is shown that the dual symmetry of the theory is broken. The electric field
of a point particle is calculated at the point where the particle is located. In Sec. III, we calculate the speed of the
electromagnetic wave in presence of a constant and uniform magnetic field and see the effect of vacuum birefringence.
The Canonical and Belinfante energy-momentum tensors, dilatation current and energy of a point-like charge are
obtained in Sec. IV. Sec. V is devoted to the unitary and causality analysis of the theory. We end up with a
conclusion part which is Sec. VI.
In the continuation, we take ~ = c = ε0 = µ0 = G = 1 and the Minkowski metric with mostly plus signature. The
coordinates are defined as xµ = (t, r, θ, φ). Greek indices run from 0 to 3 and Latin indices run from 1 to 3.
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2II. THE MODEL
In the Maxwell’s electrodynamics model, the Lagrangian is directly proportional to F = 14FµνFµν = B
2−E2
2 , i.e.,
L = −F . (1)
On the other hand, the most well known nonlinear theory i.e., BI theory, proposes the following Lagrangian [1, 2]
L = b2
(
1−
√
1 +
F
b2
− G
2
b4
)
(2)
in which G = 14Fµν F˜µν = −B · E. The other well known nonlinear theory is the one proposed by Heisenberg and
Euler in 1936, [3, 5] with
L = −F − βF2 − γG2 + .... (3)
Other than these historical models of the nonlinear electrodynamics there are some recent models which have been
intensively studied in the literature. Among them exists the Maxwell’s power law theory with [16–18]
L = α (−F)s (4)
which was proposed by M. Hassaine and C. Martinez. More recently, the arcsin model has been introduced by Kruglov
with [10]
L = −F − C
β
arcsin (βF) + γ
2
G2. (5)
It is not difficult to see that for a single point charge the electric field of the theories such as BI and Kruglov [10]
are confined. However, although the electric field in BI theory is expressed in terms of an elementary function, in
the theories such as arcsin model such simple expression does not exist. Apart from the model introduced in this
manuscript there are few nonlinear electrodynamics models which admits an exact solution for the electric field [19].
Having the electric field confined and expressed in terms of an elementary function are considered advantages of a
theory on nonlinear electrodynamics. This is because of its further applications.
Keeping in mind the finiteness and closed expression of the electric field of a point charge, here, in this paper we
introduce a new nonlinear electrodynamics model given by
L = 1
2β
[(1− Y) ln (1− Y) + (1 + Y) ln (1 + Y)] , (6)
in which, Y =
√
−2βF + σβ2G2, with F and G the Maxwell invariants. We shall refer to this as the double-logarithmic
nonlinear electrodynamics model. Herein, the electromagnetic field and its dual are given by Fµν = ∂µAν −∂νAµ and
F˜µν = 12ǫ
σρµνFσρ in which Aµ is the gauge potential and ǫ
αβµν is completely antisymmetric tensor with the convention
ǫ0123 = 1. Furthermore, the coupling constant σ can only take values of 1,−1 and 0 and the Maxwell invariants should
satisfy −2βF + σβ2G2 < 1 in order for L to be physically acceptable. Note that, when −2βF + σβ2G2 < 0 the first
term and the second term in the Lagrangian (6) are the complex conjugate of each other such that their addition
becomes real. On the other hand for −2βF + σβ2G2 = 0 (6) becomes zero too. The electromagnetic strength tensor
and its dual are explicitly given by
Fµν =


0 E1 E2 E3
−E1 0 B3 −B2
−E2 −B3 0 B1
−E3 B2 −B1 0

 , F˜µν =


0 B1 B2 B3
−B1 0 −E3 E2
−B2 E3 0 −E1
−B3 −E2 E1 0

 . (7)
The β → 0 limit of (6) gives
lim
β→0
L = −F + 1
6
(
2F2 + 3G2σ) β − 1
15
(
4F3 + 5FG2σ)β2 +O (β3) , (8)
where the zeroth order term is the usual Maxwell’s theory which can be achieved when β = 0. The first order
correction to the Maxwell’s theory is 2F2 + 3G2σ. For σ = 0 the expansion becomes
−F + 1
3
F2β − 4
15
F3β2 +O (β3) . (9)
On the other hand, upon considering −2βF + σβ2G2 < 1, limβ→∞ L = 0.
3A. The Field Equations of the Model
With the Lagrangian (6) we can write the following action
I =
∫
d4x
√−ηL, (10)
in which η is the determinant of ηαβ the metric of the Minkowski spacetime. Using the Euler-Lagrange equations
∂L
∂Aβ
− ∂α ∂L
∂∂αAβ
= 0, (11)
the field equations can be found as
∂α


(
−Fαβ + σβGF˜αβ
)
√
−2βF + σβ2G2 ln
(
1 +
√
−2βF + σβ2G2
1−
√
−2βF + σβ2G2
)
 = 0. (12)
The electric displacement field can be calculated, using the expression D = ∂L∂E , and is given by
D =
1
2
(−→
E − σβG−→B
)
√
−2βF + σβ2G2 ln
(
1 +
√
−2βF + σβ2G2
1−
√
−2βF + σβ2G2
)
. (13)
We can write (13) in terms of the electric permittivity tensor εij which is
ε
j
i = ε
(
δ
j
i + σβBiB
j
)
, (14)
where
ε ≡ 1
2
√
−2βF + σβ2G2 ln
(
1 +
√
−2βF + σβ2G2
1−
√
−2βF + σβ2G2
)
. (15)
Then the electric displacement field (13) takes the following form
Dj = ε
(
δ
j
i + σβBiB
j
)
Ei = εjiE
i. (16)
Once σ is taken 0 the electric displacement field becomes Dj = ε˜Ej where ε˜ = 1
2
√−2βF ln
(
1+
√−2βF
1−√−2βF
)
. The magnetic
field is given by H = − ∂L∂B , and after taking the derivative of (6) with respect to magnetic field we obtain
H =
B+ σβGE
2
√
−2βF + σβ2G2
ln
(
1 +
√
−2βF + σβ2G2
1−
√
−2βF + σβ2G2
)
. (17)
Introducing the inverse magnetic permeability tensor
(
µ−1
)j
i
= ε
(
δ
j
i − σβEiEj
)
(18)
one writes the magnetic field
Hj = ε
(
Bj + σβGEj) = (µ−1)j
i
Bi, (19)
or equivalently
Bi = µijH
j , (20)
where Bi is the magnetic induction field. Without the Maxwell invariant G, the magnetic field becomes Bi = ε˜Hi.
In the first two pair of Maxwell’s equations (16) and (19) the appearance of the electric permittivity tensor εji and
magnetic permeability tensor µji , respectively, signs a medium with complicated properties.
4The equations of motion (12) can be rewritten in the form of the first pair of the Maxwell’s equations upon using
(13) and (17). For β = 0 in (12) we get
▽ ·D = 0 (21)
and for β = i we get the second Maxwell equation
− ∂D
∂t
+ ▽×H = 0. (22)
The second pair of the Maxwell’s equations can be obtained by the Bianchi identity ∂µF˜
µν = 0. First we set ν = 0
in the Bianchi identity which give
▽ ·B = 0, (23)
and then ν = j to get
∂
∂t
B+ (▽×E) = 0. (24)
In order to see the dual symmetry of the theory we take the dot product of the magnetic field (17) and the electric
displacement field (13) i.e.,
D ·H = ε2E ·B 6= E ·B (25)
which states that the dual symmetry is broken for σ = 0 and σ 6= 0, unlike the BI theory. When we take β → 0 limit
we arrive at classical electrodynamics and the dual symmetry is recovered
D ·H = E ·B. (26)
B. Electrostatics
Let us consider electrostatics for which B = H = 0 and find the electric field at the origin of the point-like charged
particle namely at r = 0. The equation of point-like charge is
▽ ·D0 = qδ (−→r ) (27)
in which q is the electric charge. The latter admits a solution given by
D0 = D0rˆ =
q
4πr2
rˆ, (28)
where
D0 =
1
2
√−2βF ln
(
1 +
√−2βF
1−√−2βF
)
E0. (29)
When there is no magnetic field the Maxwell invariant F becomes F = − 12E20 such that
D0 =
1
2
√
β
ln
(
1 +
√
βE0
1−√βE0
)
. (30)
Furthermore, the equation takes the following form
1
2
√
β
ln
(
1 +
√
βE0
1−√βE0
)
=
q
4πr2
, (31)
and finally the solution for the electric field is given by
E0 =
tanh
[
q
√
β
4pir2
]
√
β
. (32)
5Here we can define unitless variable to check r → 0 limit by defining
x ≡ 2πr
2
q
√
β
, y ≡ E0
√
β, (33)
then r → 0 limit becomes x→ 0 limit. With these unitless variables the electric field equation (32) is rewritten as
y = tanh
(
1
2x
)
, (34)
whose x → 0 limit gives y → 1. Therefore the maximum value for the electric field at the origin, where the charged
particle is placed, is given by
Emax =
√
1
β
, (35)
which shows the finitness of the electric field at the location of the point particle as BI electrodynamics.
III. VACUUM BIREFRINGENCE
In this part we are going to discuss the effect of vacuum birefringence which relates the phase velocity to the
polarization of the electromagnetic wave. Hence, let us take an external magnetic induction field B0 = (B0, 0, 0)
which is uniform and constant together with the plane electromagnetic wave (e,b) as
e = e0 exp [−i (ωt− kz)] , b = b0 exp [−i (ωt− kz)] (36)
propagating in the z-direction. As a result the total electromagnetic field become E = e and B = b + B0. Since
we are interested in strong magnetic induction field the amplitudes of the electromagnetic wave e0, b0 become small
compared to the magnetic induction field, that is e0, b0 ≪ B0. After linearizing the equations (13, 17) the electric
permittivity and magnetic permeability tensors can be found as
εij = ε
(
ηij + σβηi1ηj1B
2
0
)
, (37)
and
µij = µηij µ = ε
−1. (38)
From Maxwell’s equations one can obtain the following wave equation
∂2jEi − µεij∂2tEj − ∂i∂jEj = 0. (39)
Choosing the polarization of the electric field parallel to the external magnetic field i.e., e0 = e0 (1, 0, 0) and solving
the wave equation (39) we find
µε11ω
2 = k2. (40)
The index of refraction n‖ =
√
µε11 can be found as
n‖ =
√
ε−1ε (η11 + σβη11η11B20) =
√
1 + σβB20 . (41)
If the polarization is chosen such that the electromagnetic wave is perpendicular to the external induction field i.e.,
e0 = e0 (0, 1, 0) then (39) gives
µε22ω
2 = k2, (42)
and the index of refraction become
n⊥ =
√
µε22 =
√
ε−1ε (η22 + σβη21η21B20) = 1. (43)
After all, the phase velocity depends on the polarization and takes the value v|| = 1n|| for parallel polarization i.e.,
e‖B0 and v⊥ = 1 (c = 1) for perpendicular polarization i.e., e ⊥ B0. This shows the effect of vacuum birefringence.
On the other side, if we get rid of the Maxwell invariant G by setting σ = 0 the effect of vacuum birefringence cancel
out.
6IV. THE ENERGY-MOMENTUM TENSOR
In this section we derive the energy-momentum tensor to find the dilatation current and the energy of point-like
charge. The general expression of the canonical energy-momentum tensor is given as
T µ(C)ν = (∂νAα)
∂L
∂ (∂µAα)
− δµνL, (44)
which upon using (6) one obtains
T µ(C)ν = ε (∂νAα)
(
−Fµα + σβGF˜µα
)
− δµνL. (45)
While this tensor is conserved ∂µT
(C)µν = 0 it is not symmetric and gauge-invariant. Therefore, we have to obtain
the symmetric Belinfante tensor [20] by introducing
T µ(B)ν = T
µ(C)
ν + ∂βχ
βµ
ν . (46)
Herein,
χβµν =
1
2
[Πβσ (Σµν)
σρ −Πµσ (Σβν)σρ −Πνσ (Σβµ)σρ]Aρ, (47)
where
Πβσ =
∂L
∂ (∂βAσ)
= ε
(
−F βσ + σβGF˜ βσ
)
, (48)
and the generators of Lorentz transformations Σµα have the matrix elements
(Σµα)σρ = ηµσηαρ − ηµρηασ. (49)
Using (47) and (49) one achieves
χ βµν = Π
βµAν , (50)
which shows χβµν = −χµβν that gives rise to ∂µ∂βχβµν = 0. Therefore, the symmetrical Belinfante tensor is
conserved. From (50) and (48) we find
∂βχ
βµ
ν = ε
(
−F βµ∂βAν + σβGF˜ βµ∂βAν
)
, (51)
where ∂βΠ
βµ = 0 upon (12). Finally, the Belinfante tensor can be written as follows
T µ(B)ν = −ε
(
−FµαFνα + σβGFναF˜µα
)
+ δµνL. (52)
The trace of the Belinfante tensor (52) is found to be
TB =
2F√
−2βF + σβ2G2 ln
(
1 +
√
−2βF + σβ2G2
1−
√
−2βF + σβ2G2
)
− 2
β
ln
(
1 + 2βF − σβ2G2) , (53)
which will be needed to see the dilatation current. For the linear electrodynamics β is taken to zero limit and in this
limit the trace of the energy-momentum tensor becomes zero. In this model (6) non-zero trace of energy-momentum
tensor is appeared.
A. Dilatation Current
In this part the dilatation current is calculated to see the scale symmetry of the model. The modified dilatation
current is defined as [20]
DBµ = x
αTBµα + Vµ, (54)
7where the field-virial is given by
Vµ = Παβ
[
δαµδ
β
ρ −
(
Σαµ
)β
ρ
]
Aρ. (55)
It can be shown easily that Vµ = 0, and the modified dilatation current becomes D
B
µ = x
αTBµα. The divergence of the
dilatation current is
∂µDBµ = T
B. (56)
As a result the scale symmetry is broken due to the dimensional parameter β. Although the Maxwell’s theory is
conformal symmetrical, in BI theory both the scale and conformal symmetries are broken.
B. Energy Density of Pure Electric Field
The energy density, ρE = T
B
00 for pure electric energy (B = 0) is
TB00 = −
1
2β
ln
(
1− βE2) (57)
which is positive as it is expected. The total electric energy of a point charge is given by E = ∫ ρEdV where ρE is the
energy density derived above. Hence, one writes
E = −2π
β
∫ ∞
0
ln
(
1− βE2) r2dr. (58)
In terms of the dimensionless variables, this equation becomes
E = 2π
β
(
q
√
β
4π
) 3
2
∫ ∞
0
ln (coshx)
x5/2
dx, (59)
where we have used x =
r2
0
r2 and r0 =
√
q
√
β
4pi . Our numerical calculation yields
E = 0.101q
2
r0
. (60)
Following [22], if we assume the rest mass of the electron is electromagnetic one obtains
mc2 = 0.101
q2
r0
(61)
which in turn provides estimations for β.
V. THE CAUSALITY AND UNITARITY
In this part we will analyze the unitarity and causality of the particle spectrum of the theory. If the theory satisfies
the following inequalities [21]
LF ≤ 0 , LFF ≥ 0, LGG ≥ 0,
LF + 2FLFF ≤ 0, 2FLGG − LF ≥ 0. (62)
it will be non-tachyonic, in which the particles has a group velocity lower than the speed of light and ghost free which
means that the particles have a positive kinetic energy or a lower bound for that energy. Here the subscripts refers
to the partial derivatives of the Lagrangian density with respect to the indicated invariant.
In our model derivatives of the Lagrangian density (6) are
LF = −
tanh−1
(√
β∆
)
√
β∆
, (63)
8LFF = −
β tanh−1
(√
β∆
)
(β∆)
3
2
+
1
∆− β∆2 , (64)
LG =
σβG tanh−1 (√β∆)√
β∆
, (65)
and
LGG = −G
2β3σ2
√
β∆
(β∆)
3/2
(−1 + β∆)
+
2β2σF (1− β∆) tanh−1 (√β∆)
(β∆)
3/2
(−1 + β∆)
. (66)
The other two inequalities of the principles (62) involve
LF + 2FLFF = −
σβG2 tanh−1 (√β∆)√
β∆∆
+
2F
∆− β∆2 , (67)
and
2FLGG − LF = − 2FG
2β3σ2
√
β∆
(β∆)3/2 (−1 + β∆)
+
4β2σF2 (1− β∆) tanh−1 (√β∆)
(β∆)3/2 (−1 + β∆)
+
tanh−1
(√
β∆
)
√
β∆
, (68)
where we have defined a new variable ∆, given by
∆ ≡ −2F + σβG2 (69)
to have simpler relations and assumed β > 0.
A. Causality and Unitarity of the Model
The first condition of (62) states that
tanh−1
(√
β∆
)
√
β∆
≥ 0, (70)
while the second one implies
1
1− (β∆) ≥
tanh
(√
β∆
)
√
β∆
. (71)
Using (66), the third condition of (62) can be expressed as
2σF (1− β∆) tanh−1
(√
β∆
)
≤ G2βσ2
√
β∆. (72)
From the fourth condition of (62) we get
2F
1− β∆ ≤
σβG2 tanh−1 (√β∆)√
β∆
, (73)
and finally the last one of (62) represents(
1− 4β
2σF2
β∆
)
tanh−1
(√
β∆
)
≥ 2FG
2β3σ2√
β∆(−1 + β∆) . (74)
Beside these conditions there is one more condition which comes from the reality of ln (1− y) and the reality of the
trace of energy-momentum tensor (53), that is
− 2βF + σβ2G2 < 1, (75)
which can be retyped as
β∆ < 1. (76)
We can discuss the unitarity of the model however the discussion depends on the choice of σ. Put σ = 0 and σ = −1
cases by and concentrate on σ = 1 case.
91. σ = 1 case:
We have chosen β to be positive as well as σ = 1 and with the reality condition (76) ∆ has to be positive. The first
condition (70) is automatically satisfied for this choices. The second condition (71) can be rewritten as
1− β∆− (β∆)
1
2
tanh−1
(√
β∆
) ≤ 0 (77)
which is always satisfied as long as ∆ > 0. The rest of the conditions (72), (73) and (74) are analyzed by plotting
two dimensional graphics. As a result the (72) and (73) are satisfied whereas the last condition (74) is satisfied for a
confined magnetic field which depends on the value of β.
In the next sections we discuss the unitary of electric part and magnetic part of the model (6) separately by taking
σ = 0.
2. The Unitarity of the Electric Part:
In this part we are going to analyses the unitarity of the theory considering only the electric part of it by taking
σ = 0 and B = 0. The first (70) and the fifth (74) unitarity conditions give
tanh−1
(√
βE
)
√
βE
≥ 0 (78)
which states that E < 1√
β
. Since the maximum value for the electric field of a point charge is Emax =
1√
β
these
conditions are satisfied. The third condition (72) is also satisfied since LGG = 0. The fourth condition (73) states
E < 1√
β
which is the same condition as the first (70) and the fifth (74) ones. The second condition (71) can be written
as
√
βE
1− βE2 ≥ tanh
−1
(√
βE
)
(79)
which is always satisfied for
√
βE < 1.
3. The Unitarity of the Magnetic Part
In order to analyze the unitarity of the magnetic part we choose σ = 0, E = 0. The first (70) and second
(71) conditions are satisfied due to the nice property of tanh−1 (ix) = i tanh−1 (x). The third condition (72) is
automatically gratified. The fourth condition (73) can be written in terms of the magnetic field as
− 1
1 + βB2
≤ 0, (80)
which is always satisfied. Since the fifth (74) condition reduces to the first one it is also fulfilled. As a result, the pure
magnetic case of (6) is unitary.
VI. CONCLUSION:
We have introduced a new nonlinear electrodynamics model, the double-logarithmic model. The model contains
both of the Maxwell invariants F and G and it carries one dimensionful parameter β. After finding the field equations
of the theory we calculated the electric field of a point like charge and we showed that at the origin–the location of the
charge–it takes a finite value, that is Emax =
1√
β
, and is not singular. We showed also that, in presence of a magnetic
field the model admits the effect of vacuum birefringence in which the phase velocities of electromagnetic wave depend
on the polarizations. This effect disappears once the Maxwell invariant G is disposed. We obtain the canonical and
symmetric Belinfante energy-momentum tensors in order to calculate the dilatation current. We showed that the
dilatation symmetry is broken due to the dimensional parameter β. Moreover, the self-energy of a point-like charge
is calculated. We also discuss the unitarity and causality of the model and conclude that the general model has a
10
unitary region for β > 0 and σ = 1 as long as the magnetic field is confined. The unitarity and causality of electric
and magnetic parts of the model are discussed separately and it is shown that not only the electric part fulfills all
the conditions to be unitary and causal with the following constraints E < 1√
β
and β > 0 but also the magnetic part
gratifies the unitary and causality conditions.
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